Summary. In this work we study the modeling of one-dimensional avalanche flows made of a moving layer over a static base, where the interface between the two can be time dependent. We propose a general model, obtained by looking for an approximate solution with constant velocity profile to the incompressible Euler equations. This model has an energy dissipation equation that is consistent with the depth integrated energy equation of the Euler system. It has physically relevant steady state solutions, and, for constant slope, it gives a particular exact solution to the incompressible hydrostatic Euler equations. Then, we propose a simplified model, for which the energy conservation holds only up to third-order terms. Its associated eigenvalues depend on the mass exchange velocity between the static and moving layers. We show that a simplification used in some previously proposed models gives a non-consistent energy equation. Our models do not use, nor provide, any equation for the moving interface, thus other arguments have to be used in order to close the system. With special assumptions, and in particular small velocity, we can nevertheless obtain an equation for the evolution of the interface. Furthermore, the unknown parameters of the model proposed by Bouchaud et al. (J Phys Paris I 4,1383-1410 , 1994 can be derived. For the quasi-stationary case we compare and discuss the equation for the moving interface with Khakhar's model (J Fluid Mech 441,225-264, 2001).
Introduction
This work focuses on the mathematical modeling of erosion processes in granular flows. Granular avalanches generally involve flowing zones and zones at rest. Static particles can be put into motion by the flowing particles (i.e., erosion) whereas flowing particles may suddenly stop (i.e., deposition). This static/flowing transition is typical of granular matter. Many industrial or geophysical applications are related to this problem. For example, when granular materials are mixed for industrial purposes, the presence of static and flowing zones could significantly affect the efficiency of the mixing process. This is a major issue in particular when rotating cylinders are used to deal with mixing of cereals or pills. In geophysics, erosion processes are expected to play a key role in the dynamics of snow or rock avalanches in mountainous and volcanic context [16] , [18] . Mangeney et al. [15] show that erosion processes may change drastically the dynamics of an avalanche flowing over an erodible bed. Actually, when entrainment of granular material lying on the erodible bed is effective, a decelerating avalanche could become a surge moving at constant velocity along the slope.
The theoretical description and physical understanding of these processes are still challenging open problems. In some applications, e.g., avalanches in silos or surface flows over a pile of granular material, the no-flow and flowing zones can be fairly clearly separated into a granular layer flowing over a static layer of grains. The interface between the static and the flowing material changes with time due to the exchange of grains between the static and the flowing layers.
In the numerical modeling of avalanche dynamics, the existence of mass exchange between the no-flow and flowing zones is generally not taken into account. The models used in geophysics are based on the pioneering work of Savage and Hutter [17] , where the whole column of granular material is assumed to be flowing. The mass and momentum equations are averaged over the depth of the granular material and a scaling analysis is performed with respect to the aspect ratio of the flowing mass, considered to be small. Under this hypothesis the avalanche is modeled by a Saint-Venant type system derived in a reference frame linked to an inclined plane. The unknowns are the thickness and the mean (depth-averaged) velocity of the flowing mass. A constitutive relation based on Mohr-Coulomb plasticity theory is imposed, making it possible to relate the normal stresses through a coefficient involving the so-called basal and internal friction angles and to deduce a friction term at the base of the flow. The resulting system, derived for granular flows over an inclined plane, will be denoted here as the Savage-Hutter (S-H model). Wieland et al. [19] generalized the S-H model for granular flows over surfaces with small lateral curvature [16] . More recently Bouchut et al. [4] proposed two more general one-dimensional S-H models. The first one is valid for small variations of the local slope angle and makes it possible to derive an exact energy equation. The second model is developed for general slopes. In [5] Bouchut and Westdickenberg generalize the previous models for small or for general slope variation in two dimensions.
The S-H model has been successfully applied to simulate a wide range of laboratory experiments [16] , as complex as well as self-channeling flows and the levee-channel morphology of their deposit [14] . However when applied to the collapse of granular columns [13] , several limitations of the model have been detected. Actually, experimental results and discrete element simulations show that a static/flowing interface appears and changes with time during the collapse. Taking into account this static/flowing transition in a depth-averaged model requires the determination of an equation for the evolution of the moving interface. In other words, one has to specify the entrainment/deposition rate, which is the velocity perpendicular to the interface of mass that changes from the static to the flowing side or vice versa of the interface. Its parametrization is insufficiently known owing to the currently unknown appropriate physical or mechanical processes that govern the static/flowing transition. In order to avoid prescribing the evolution of the interface by ad-hoc physical or mechanical considerations, several attempts have been made to close the equations by imposing a given profile of the horizontal velocity and/or a given velocity at the static/flowing interface.
The purpose of this work is to derive mathematically accurate S-H type models for a onedimensional flow of a layer made of a granular material moving over a static layer made of the same material. The closure relation making it possible to derive an equation for the static/flowing interface will be discussed and compared with different previously proposed models [2] , [6] , [7] , [9] , [10] . In particular, the existence of an energy equation for the different systems will be investigated.
The proposed models will be discussed using the following notation (see Fig. 1 ). The horizontal coordinate is denoted by x and time by t. By b(t, x) we denote the vertical thickness of the static layer (i.e., the position of the static/flowing interface), by h(t, x) the thickness of the moving layer, measured perpendicularly to the unknown interface, and by h(t, x) the angle between the horizontal and the tangent vector to the interface, according to Fig. 1 (indeed, tan h = q x b). The variable Z is a coordinate normal to the interface, attached to a point X in the moving layer.
One of the first models devoted to this erosion problem, proposed by Bouchaud et al. (BCRE model, see [6] , [7] ), is simply based on the principle of mass conservation for density preserving materials. The variation of h is driven by an advection equation with a volume exchange Eðt; xÞ between the static and the flowing layer, while the time variation of b compensates the volume exchange, and is equal to ÀE: The volume exchange Eðt; xÞ and the horizontal velocity component of the moving grains, V d ; are both parameters of the model,
Physically, Eðt; xÞ is a volume exchange per unit time and unit horizontal line element. Although the BCRE model does not ensure conservation of momentum, it has been applied to a lot of practical problems. A difficulty of this model is to adjust the parameters Eðt; xÞ and V d : Phenomenological relations have been proposed for Eðt; xÞ; defined as a function of the angle h minus a neutral angle h n (if h > h n then erosion occurs, deposition otherwise), see [6] . The exchange term reads
where c is an empirical constant (see also [1] and [2] ). The model proposed by Boutreux, Raphaël and DeGennes (BRDG model, see [7] ) differs in the form of the exchange term, where h is replaced by a thickness k smaller than h,
The idea is that only a very thin layer, of the order of the grain diameter, is involved in the exchange between the static and moving layers. Both expressions (1.2) and (1.3) can be written as
where V up is a parameter of the model that has the dimension of a velocity. In [2] the BCRE and BRDG models are derived from the Saint-Venant equations, making it possible to deduce the parameters involved in these models when the velocity profile is assumed to be linear with a constant slope. From this assumption, an equation for the change in time of b and h can be deduced. Concretely, V d is simply obtained from the mass conservation equation when a velocity profile is assumed and V up is shown to depend on the specific velocity profile when a On new erosion models of Savage-Hutter type for avalanches quasi-stationary assumption is made (h & h n ). Khakhar et al. in [10] , [11] derive a model based on the Saint-Venant equations by also assuming a linear velocity profile. The equations are closed by assuming continuity of the shear stress at the static/flowing interface (this is only in conformity with the jump conditions of momentum, if E 0Þ: Based on experimental data, the friction term in the flowing layer at the interface is written as the sum of a Coulomb term plus a Bagnold term whereas the friction is assumed to reduce to the Coulomb friction in the static layer at the same interface. From the equality of both expressions the value of the slope of the velocity profile can be deduced,
ð1:5Þ
where h s is the static angle of repose and h m the ''maximum angle of repose'' (see [10] ). Note that in [10] and [2] , the pressure term q x (gh 2 /2) arising in the Saint-Venant systems has been neglected.
In [9] , Gray deduces a S-H type model for the erosion problem in avalanches in the case of rotating drums. He uses similar arguments as in the original S-H model, but by depth-averaging the equation only within the moving layer. The system of coordinates is fixed over an inclined plane with a fixed angle. For the kinematic condition he supposes that the particles on the surface that separates the moving and the static layers move with a velocity which is the sum of the velocity of the particles in the moving layer and an exchange velocity This term corresponds to the impulse of the entrained mass that must instantly assume the velocity of the moving avalanche at the interface.
In [10] the authors suppose that the velocity profile is linear with the velocity equal to zero at the static/moving interface, i.e., U j b ¼ 0: Instead, by referring to experimental data, Gray in [9] sets U j b ¼ u; the averaged velocity over the moving layer. The question is whether these closure arguments, in particular using the velocity profile and/or the velocity U j b ; are justified. A possible way to address this problem is to look for an approximate solution to the Euler equations that satisfies the required conditions. When simple solutions cannot be calculated, another criterion is to check that the assumptions lead to a system of equations which exhibits good mathematical properties, i.e., to have the right steady states and to satisfy an energy dissipation inequality. The main model that we propose, (3.8)-(3.9) or its simplified version (3.10)-(3.21), is coherent with these two criteria and is based on the assumption of a uniform velocity profile. We have not been able to offer such a justification for a model that is based on the assumption of a linear profile of the velocity. In Sect. 3.6 we nevertheless discuss the energy equation obtained for the different models by introducing a coefficient d in front of the term uq t b that appears in the momentum equation in conservative form. The value of this coefficient depends on the assumptions related to the velocity profile and/or the velocity at the static/flowing interface. The associated energy equation is shown to be fully energy conservative (i.e., has a neutral balance independently of b(t, x)) only if d ¼ 1/2. However, the only value that we have been able to justify in terms of mathematical properties is d ¼ 1. Moreover, we show that if the term uq t b in the momentum equation is neglected (i.e., d = 0), as is for most models proposed in the literature, the associated energy equation is not consistent with the depth-averaged energy equation of the Euler equations.
In order to close depth-averaged avalanche models, the ''partial fluidization model'' proposed in [3] could be a good candidate avoiding the difficulties encountered in the methods discussed above. Actually, Aranson and Tsimring present a theory based on the introduction of an order parameter q that describes the transition between the static and the moving phases without any particular assumption on the velocity profile and/or the velocity at the static/flowing interface. This parameter is introduced in the hydrodynamic equation and a coupled equation for q is proposed following the theory of phase transition of Ginzburg and Landau, as presented by Landau and Lifshitz in [12] . Based on this theory, Mangeney et al. in [15] succesfully simulate laboratory experiments of granular flows over erodible bed.
The remainder of the paper is organized as follows. In Sect. 2 we perform a change of variables, starting from the incompressible Euler equations over a moving bottom. Actually, two variable transformations are needed in order to avoid the difficulty that the variation in time of the local coordinates is not known. Moreover, the mass and energy equations associated to the Euler system are written down. In Sect. 3 we show how an approximate solution to the Euler system can be built in new coordinates, by assuming a constant velocity profile. We deduce a new model that satisfies a conservative energy inequality without any error term, in the sense that for regular solutions the energy equation is exactly obtained by a combination of the equations of the model. Moreover, it gives the expected steady-states corresponding to zero velocity (material at rest). For constant slope, the model gives an exact solution to the hydrostatic Euler equations. Friction terms can also be introduced in the model. An interesting observation is that this new model contains first-order terms that do not appear in previously proposed models. Then, we introduce a simplified model which is energy conservative only up to third-order terms in the aspect ratio. Its associated characteristic velocities depend on the exchange velocity between the layers q t b. Finally, the developed models are compared to previously considered models in Sect. 4. The arguments proposed in the former studies are used in our model to derive an evolution equation for the interface b. In particular, we show that the parameters of the BCRE model found by [2] through the derivation of the Saint-Venant equations change by a factor 3/2 if the term U j b o t b; usually neglected in the momentum equation, is taken into account.
Change of variables
In this section we perform a change of variables from Cartesian coordinates to the coordinates related to the interface. This enables us to reformulate the incompressible Euler equations in a more suitable form. We also reformulate the energy equation associated to the Euler equations in order to be able to compare the integrated energy with the energy associated to any integrated model.
We consider a one-dimensional flow comprising a moving layer over a static one, with a timedependent interface between them. Time is denoted by t, the horizontal coordinate is denoted by x, b(t, x) is the vertical thickness of the static layer, h(t, x) is the thickness of the moving layer, measured perpendicularly to the unknown interface. The angle between the horizontal and the tangent vector to the interface is denoted by h(t, x), and we notice that
ð2:1Þ
Let X be an arbitrary point in the avalanche domain bounded by the basal and free surfaces. We consider the coordinate Z that measures the position of X inside the moving layer, in the direction normal to the interface, as displayed on Fig. 1 . Thus, 0\Z\hðt; xÞ:
ð2:2Þ
Then the relations between the Cartesian coordinates ðt; XÞ and the coordinates (t, x, Z) related to the interface is X ¼ x À Z sin hðt; xÞ; bðt; xÞ þ Z cos hðt; xÞ ð Þ : ð2:3Þ
Notice that (x, b(t, x)) is a point on the interface. We consider also a curvilinear variable X(t, x) measuring the arc length along the interface. Thus at fixed t, the mapping x 7 ! X is a change of variable with where the notation | t means that the derivative is taken at fixed t.
Transformation of the incompressible Euler equations
We denote the velocity field of the moving layer by Ũ: Then the Euler equations for the moving layer can be written in Cartesian coordinates ðt; XÞ as
gÞ and g is the gravity constant. By P we denote the pressure tensor, the negative of the stress tensor, divided by density,
with p xz ¼ p z x . Here we allow a full matrix, but later on we shall consider only the ''true Euler'' case where P is isotropic, e.g., P is a scalar times the identity tensor. This system is completed with a kinematic law for the evolving free surface, the free surface is advected by the material velocity Ũ; ð2:9Þ
and with dynamic boundary conditions. At the free surface we just set
where m is a unit vector normal to the free surface. For the bottom interface, the incompressibility of the fluid comes into play, and we have to give precise assumptions on the fluid density, that we have not introduced yet. We assume that the moving part of the fluid is incompressible with uniform density q m , while the part of the fluid that is at rest is also incompressible, with uniform density q r . Having different densities q m and q r , the model allows more generality, and it is physically more relevant, since experimental observations indicate that q r > q m . The physical interpretation of these assumptions is the following. On the one hand, when q m = q r , the whole fluid (comprising the moving part and the part at rest) is incompressible with uniform density. On the other hand, when q r > q m , the fluid that is deposited (e.g., stops moving and stays at rest) has to increase its density from q m to q r , thus is being compressed through the interface; while the fluid that is eroded (e.g., starts moving), has to diminish its density from q r to q m , thus is being decompressed through the interface.
The dynamic condition at the interface corresponding to this situation with two densities q m , q r is deduced from the mass conservation, that can be written
ð2:11Þ
where q takes the value q m in the moving part of the fluid, and q r in the part at rest. The velocity Ũ is set to 0 in the part at rest. Writing down the Rankine-Hugoniot condition through the interface gives the boundary condition
where [. . .] denotes the jump of a quantity through the interface, and Ñ denotes a time-space normal to the interface. Since the interface is defined by z @ b(t, x) = 0, one can take Ñ ¼ ðÀo t b; Ào x b; 1Þ ¼ ðÀ cos ho t b; À sin h; cos hÞ= cos h: Denoting by ñ ¼ ðÀ sin h; cos hÞ the space unit vector normal to the interface, oriented upwards, the interface dynamic boundary condition (2.12) can be written
For completeness, let us mention that from (2.6)-(2.7) one classically deduces the energy equation, valid if P is isotropic, e.g., P is a scalar times the identity tensor,
In what follows we perform a change of variables from Cartesian coordinates ðt; XÞ to coordinates attached to the interface, first to the variables (t, X, Z), and then to the variables (t, x, Z). The velocity components in the frame associated to the interface will be denoted by (U, W),
The new stress tensor is
ð2:16Þ
We observe that, as p xz = p zx , then P XZ ¼ P ZX :
Thus,
ð2:18Þ In order to go to the variables (t, x, Z) we shall need the Jacobian matrix between (s, X) and (t, x), thus we compute
ð2:23Þ
Therefore we deduce the following rule, for any function f (t, x, Z),
where
Notice that this definition for q t is coherent with the previous notations whenever f only depends on t and x, and also that cosh q x f ¼ q X f . With the rule (2.24), we can deduce a formula for B ¼ o s X: Using Eqs. (2.3) and (2.1), we get
Using (2.5), we can also rewrite B as
With this formula we get according to Eqs. (2.22) and (2.18)
In order to perform the change of variables in the governing Eqs. (2.6)-(2.7), let us recall the classical divergence chain rule formula. We notice also that with the same notation we have for any scalar f
where we use the notations A t for the transpose of a matrix A.
In order to be complete, let us give a simple proof of (2.30).
Proof of Lemma 2.1. Fix a point ñ 0 ; and consider a small ball B containing Ỹðñ 0 Þ; and a smooth function uðỸÞ vanishing outside of B: Then, applying usual rules of calculus such as Gauss's law without boundary term (because u vanishes on the boundary) and changes of variables under an integral, we get
ð2:32Þ
This identity holds for any function uðỸÞ; thus
ð2:33Þ
Since J has a constant sign, this proves the claim. (
Incompressibility condition
By applying Lemma 2.1 with ñ ¼ ðX; ZÞ and Ỹ ¼ X; we readily obtain from the incompressibility equation (2.6) and with (2.21) that 
ð2:38Þ
In the same spirit, writing down r s; X; Z Á Jr t; X ðs; X; ZÞð1; 0Þ ¼ Jr t; X Á ð1; 0Þ ¼ 0; ð2:39Þ
we get the identity 
In the sequel we shall use either (2.36) or (2.41) as incompressibility equation. They are of course equivalent.
Momentum equations
In order to obtain the equations for U and W, we multiply Eq. (2.7) on the left by the matrix cos h sin h À sin h cos h ð2:42Þ that appears in (2.15). The result for the first component, multiplied by J, gives an equation for U,
Then, according to the incompressibility condition (2.6), we can use for any scalar function f the identity b o t f þ Ũ Á r X f ¼ r t;X Á ðf ; f ŨÞ: Applying Lemma 2.1 with ñ ¼ ðs; X; ZÞ; Ỹ ¼ ðt; XÞ; Ũ ¼ ðf ; f ŨÞ and using (2.38), we get for any scalar function f
We choose successively f = U and f = h in (2.44) and insert the results in (2.43). We use also Lemma 2.1 as above, but with Ũ ¼ ð0; Pðcos h; sin hÞÞ: With the help of formula (2.31) for the two remaining terms, Eq. (2.43) yields
In order to obtain the equation for W, we multiply the first equation of (2.7) by @sinh, and the second one by cosh. Multiplying the sum by J, we get
Proceeding as above, we obtain
At this point, we would like to simplify somewhat the Eqs. (2.45) and (2.47). Taking into account (2.41) and the fact that h does not depend on Z, we have
ð2:48Þ
Then, using Eqs. (2.24), (2.5), expression (2.17) of J and (2.28), we get
ð2:49Þ
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System of equations in (s, X, Z)
Writing down the incompressibility equation (2.36) and the momentum equations (2.45) and (2.47) in the variables ðs; X; ZÞ gives the system 
System of equations in (s,x,Z)
We now choose the horizontal coordinate x. We shall see that with this choice, the unknown quantity q t X from Eq. (2.28) disappears. In order to perform the change of variable to the variables (t, x, Z), we use Eq. (2.24) and the identity cosh q x = q X that comes from (2.4). Moreover, we still use the notations (2.25). At first, since h does not depend on Z, we can write the incompressibility equation (2.50) as 
Indeed, (2.57) can also be checked directly by using expression (2.17) of J and relation (2.1) relating h to b. The identity (2.57) is true for any function b(t, x), and does not involve the unknowns U, W. Finally, adding (2.54) and (2.57), we obtain the combined incompressibility equation
Next, consider Eq. (2.51) for U. Applying again the divergence chain rule, and with the use of (2.49), it takes the form
Combining it with (2.58), we may derive its nonconservative analogue
A similar computation for W, again with the aid of Lemma 2.1, transforms (2.52) into
If we combine this again with (2.58) as before and use (2.53), we obtain the nonconservative equation
In summary, the governing equations, comprising all the balance laws of mass and momentum and referred to the independent variables (t, x, Z) are defined: (1) 
Energy equation
In what follows we consider the case where P is isotropic, P = p zz I. Then we have also P ¼ p zz I; and for simplicity we shall denote p zz by P.
Starting from the energy equation (2.14) written in Cartesian coordinates Ỹ ¼ ðt; XÞ; we perform the change of variables to ñ ¼ ðs; X; ZÞ: Applying Lemma 2.1 with (2.38) and appropriate choices for Ũ lead to
Then, applying Lemma 2.1 again with Ỹ ¼ ðs; X; ZÞ; ñ ¼ ðt; x; ZÞ; and using (2.55), we obtain the balance equation for the energy referred to the (t, x, Z) coordinates as follows:
Integration and kinematic boundary condition
In this section we provide formulas for quantities which are integrated with respect to Z. Moreover, we derive the kinematic boundary condition associated to the free surface, that gives the evolution of h(t, x). According to (2.9), the free surface is advected by the material velocity Ũ: Consider a material point XðsÞ; where s is the time, that is moving with the flow, and that stays on the free surface. Then dX ds ðsÞ ¼ Ũðs; XðsÞÞ: ð2:65Þ
In the variables (t, x, Z), the free surface is characterized by Z = h(t, x 
This must hold at any point on the free surface, therefore the kinematic condition is that for any (t, x),
where j h means that we take the value at Z = h(t, x). Now, taking into account the boundary condition (2.13), which can be written as
integrating of the incompressibility equation (2.58) for Z between 0 and h(t, x), and using the kinematic condition (2.71), gives
More explicitly, the mass conservation reads
UdZ: ð2:75Þ
Notice that with known (2.58) and (2.72), the mass conservation (2.74) is equivalent to the kinematic condition (2.71). We can proceed similarly for the energy equation. Assuming that P is isotropic, we integrate the energy equation (2.64) for Z between 0 and h(t, x). Using the kinematic condition (2.71) and the boundary conditions (2.72) and (2.10), we obtain the depth-integrated energy equation
It is not possible to obtain an explicit formula for this integrated equation, unless a particular profile of the velocity in Z is assumed. The right-hand sides in Eqs. (2.74) and (2.76) deserve some comments. For the mass conservation law (2.74), the term On new erosion models of Savage-Hutter type for avalanches term represents the variation of the kinetic energy attached to the displacement of the interface b(t, x). When q m = q r , the kinetic energy at the interface is completed with the normal term W Z=0 2 , which is non zero, and an additional term involving P Z=0 remains on the right-hand side, related to the mass exchanges through the interface.
Hydrostatic model
Classically, the hydrostatic assumption consists in removing the normal acceleration in the momentum equation. Since W is the normal velocity to the bottom interface, doing this means to remove the first line in (2.62). Therefore, the hydrostatic model, formulated with respect to the coordinates (t, x, Z), comprises Eqs. (2.54), (2.60), and
The kinematic and boundary conditions remain unchanged for this system. If we assume that P is isotropic, one can directly combine (2.54), (2.60) and (2.77) to obtain a hydrostatic energy equation. More explicitly, we can proceed as follows. We first transform the equation b o t ðg Á XÞ þ r X Á 0 ¼ 0 to the (t, x, Z) variables; this yields the identity 
the only difference with (2.64) being that the term W 2 =2 has disappeared. Indeed, the same computation for the non-hydrostatic model gives (2.64). Therefore, for the hydrostatic model, the mass conservation still reads (2.74), while the integrated energy equation takes the form In this section we propose a new erosion model for avalanches, derived from our formulation (2.54), (2.60), (2.62) for the incompressible equations subject to the boundary conditions (2.72), (2.10) and the mass conservation (2.74). We first deal with the case where the stress tensor P is isotropic, then in Sect. 3.3 non-diagonal terms are considered in order to include friction effects. Our procedure consists, as usual, in assuming for the velocity U(t, x, Z) a particular profile in Z. An approximate solution to the incompressible system is searched for with this particular profile, retaining only lower order terms relatively to the aspect ratio characterizing the shallowness of the moving mass. Indeed, we retain all first and second-order terms, and some third-order terms that are necessary to obtain a model that verifies exactly an energy inequality. Interestingly, the resulting model contains some first-order terms that do not appear in previously proposed models.
Formal derivation
In what follows we consider a moving layer over a given variable bottom interface b(t, x), as described at the beginning of Sect. 2. Thus, according to Eq. (2.1), h is also known. We denote by e the aspect ratio between the characteristic lengths normal and parallel to the interface, which is supposed to be a small parameter. Thus we have the shallowness assumption Under these hypotheses, we make the following approximations. We assume that there are no singularities in time or space; i.e., q t and q x are formally bounded operators. On the other hand, the shallowness assumption leads to o Z ¼ Oð1=Þ: At first, since 0 < Z < h, Eq. Substituting this expression into Eq. (2.60), we obtain, on using (3.2),
We observe that the terms depending on Z, i.e., Z coshq x h and Z cos 2 h q tx 2 b, are second-order terms, according to Eq. (3.3). Therefore, they can be neglected; thus we get an equation in the variables (t, x) only. This justifies the compatibility of the choice (3.2) with the Euler system. However, although the two previously mentioned terms depending on Z can be neglected, we keep them because they are necessary in order to obtain a system which verifies exactly an energy inequality as will be discussed in the following section. Indeed, in order to remove the dependence in Z, we can take Z = h=2 in Eq. (3.6) without changing the order of approximation. We close the system by rewriting 
Properties of the model
In this section we study the properties of the model obtained as explained above, and dropping the error terms. The model is defined by the two mass and momentum equations coming from Eqs. (2.74) and (3.6) (with Z = h=2),
Notice that when q t b = 0, the system differs slightly from the model proposed in [4] . As usual, (3.9) is valid for smooth solutions, but for possibly discontinuous solutions, one should rather write the momentum equation in conservative form sin ho x h on the right-hand side of (3.10) was introduced by Bouchut et al. in [4] . Here it plays the same role, to maintain a conservative energy balance and to have the lake at rest solution.
Theorem 3.1 System (3.8)-(3.9) has the following properties:
gh cos ho t b; ð3:11Þ
which is an identity for smooth solutions, (ii) it has the lake-at-rest solution u = 0, hcos h ? b = Cst, for arbitrary given b(t, x) if q m = q r , or for b satisfying q t b : 0 if q m = q r , .9) by hu and adding the results, using (2.1) and (2.5), we obtain exactly the equality in (3.11) . Since the details of the computation are very tedious, we prefer to omit them, and rather give an abstract argument. Consider a solution (h, u) to (3.8)-(3.9). Set U(t, x, Z) = u(t, x), define W by (2.54) with the boundary condition (2.72), and take P = gcosh(h @ Z), that satisfies the boundary condition (2.10). Then, the mass conservation (2.74) holds, and only the velocity equations for U and W fail to hold in order to have a solution to the Euler equations. We have the equation q Z (g(b ? Zcosh) ? P) = 0, thus we can say that the hydrostatic equation (2.77) holds modulo the term @U (q x (cosh q t b) ? Uq x h ). For U, we can say that Eq. (2.60) holds modulo the term W(q x (cosh q t b) ? U q x h), with a right-hand side
just because Eq. (3.9) has been obtained by taking Z = h=2 in Eq. (2.60). Performing the same computation as for the hydrostatic model, we can derive an energy equation. We observe that the terms involving q x (cosh q t b) ? U q x h simplify, thus we get the energy equation (2.79) with the right-hand side u times (3.12). Integrating this equation for Z between 0 and h then gives (2.80), since the integral in Z of (3.12) vanishes. Finally the evaluation of (2.80) gives (3.11). The property (ii) can be obtained as follows. We have to prove that if u = 0 and hcosh ? b = C independent of x and t, then we have a solution to Eqs. (3.8)-(3.9), provided that ð q r q m À 1Þo t b 0: The second equation (3.9) holds trivially, thus we just have to prove the first, (3.8). We first observe that Ũ ¼ 0; P ¼ gC À g Á X gives a solution to Eqs. (2.6)-(2.7). Since the free surface is defined by h(t, x) such that hcosh ? b = C, it is horizontal. Thus, Eq. (2.9) is satisfied. The boundary condition (2.13) holds according to the assumption, and the pressure P also vanishes at the free surface, ensuring that (2.10) holds. Therefore, we have a solution to the incompressible Euler equations with boundary conditions. Formulating this solution in the (t, x, Z) coordinates reads in particular as Eq. (2.74), proving the result. Another proof is to differentiate the relation hcosh ? b = C with respect to t and x, and to put the results directly in (3.8) . Notice that when q m = q r with b depending on time, the lake-at-rest solution is not strictly speaking a steady state, since h also depends on time. This is due to the fact that in this case, the interface is artificial and does not have a physical meaning, since the parts of the fluid above and below it are both at rest.
The property (iii) follows directly from the derivation above. For (iv), consider a solution (h, u) to Eqs. (3.8)-(3.9). As in the proof of (i), let U(t, x, Z) = u(t, x), define W by (2.54) with the boundary condition (2.72), and take P = gcosh(h @ Z). According to the assumptions that q t h = 0 and q x h = 0 (but without assuming that q t b = 0), the terms q x (cosh q t b) ? U q x h and (3.12) vanish. Thus the computations made in the proof of (i) show that we have an exact solution to the hydrostatic Euler system. (
Friction terms
In this section we explain how from the incompressible system with non-isotropic stress tensor we can derive friction terms in the proposed model (3.8)-(3.9). In the system (2.54), (2.60), (2.62), the stress tensor P needs to be defined. Making the same scale analysis as previously performed for (2.62) to obtain (3.4), we obtain o Z gZ cos h þ P ZZ ð Þ ¼ O ð eÞ; provided that P XZ ¼ OðeÞ: Thus,
In order to specify P XX it is necessary to give a constitutive law. With the purpose of simplicity in this work we set P XX ¼ P ZZ ; although the case P XX ¼ KP ZZ can be considered, K = K act/pass following the S-H model [17] . The friction effects are introduced in the shear stress P ZX : Following the works of Savage-Hutter [17] and Gray [9] , and in line with (2.10), we impose as boundary condition P ZX to vanish at the free surface, and a Coulomb friction term at the flowing edge of the interface,
where l = tanh s and h s is the basal friction angle. Now, if we assume that l ¼ OðeÞ; we obtain P ZX ¼ Oðe 2 Þ: Arguing as in the beginning of Sect. 3, the only new term appearing in Eq. (2.60) is o Z ðJP ZX = cos hÞ: Thus, averaging (2.60) between Z = 0 and Z = h, we are led to
ð3:15Þ
However, according to Eqs. (3.14) and (3.13), we have P ZX j Z¼0 ¼ Àlgh cos hsgnðuÞ þ Oðe 3 Þ:
Therefore, neglecting terms in e 2 in Eq. (3.15), we obtain together with Eq. (2.74) the system
ð3:17Þ
A more precise argument is indeed to say that taking into account the conditions on P ZX ; a possible ansatz is 
Simplified model
The model (3.8)-(3.9) is a bit complicated, thus it is tempting to try to simplify it, by dropping small terms. However, doing this, we break the nice properties stated in Theorem 3.1. However, it is worthwhile to state the result. The simplified system is defined as
The corresponding conservative momentum equation is (i) It admits an energy dissipation inequality
which is an identity for smooth solutions,
(ii) it has the lake-at-rest solution u = 0, h cosh ? b = Cst, whenever q t b: 0, ), and (ii) because that property holds only when q t b = 0. We can also observe that keeping the terms involving @sinh q t b in Eqs. (3.20) and (3.21) is essential in order to maintain an accuracy of second order.
Hyperbolicity
In this section we study the hyperbolicity of the simplified model (3.20)-(3.21). We show that it is a hyperbolic system with eigenvalues depending of the exchange velocity between the static and the moving layers q t b.
We choose the conservative variables We can compute the eigenvalues of the jacobian matrix q V F. They are given by
The corresponding eigenvectors are
If we compare this result with the classical Saint-Venant system, we see that the difference in the expression of the eigenvalues comes from the velocity u @ sinh q t b. We observe that the term sinh q t b appears because q t b is the vertical exchange velocity between the moving and the static layers (see [9] ). Indeed, sinh q t b is the projection of this velocity in the same direction as u, i.e., parallel to the interface.
Comparison with other models
In this section we compare the proposed simplified model (3.20)-(3.21) with other well-known previously proposed models. We observe that some models have a non-consistent energy equation.
At first, the model (3.20)-(3.21) deserves a comment concerning the energy balance. Indeed, one could think of a modified model The particular value d = 1/2 has the property to give a conservative energy equation (3.36), up to third-order terms, independently of the choice of b(t, x). We could think that this model comes from a profile of U(t, x, Z) that vanishes at Z = 0, making the corresponding term on the right-hand side of (2.80) vanish. However, we have not been able to find such a profile, solution to (2.60). Therefore, for now, only the model d = 1 is justified.
a. Differences with other models
At first we observe that the most usual way to write erosive avalanche models is in the t, X, Z variables (see for example [9] , [10] ). Moreover, it is generally assumed that the axis along which the X variable is defined corresponds to a fixed constant angle over all the domain. Here we include the case where h can vary in time and space. Other differences are the following. To our knowledge, the terms involving sinh q t b in (3.20) and (3.21) do not appear in any other model. This has at least two consequences:
(i) If a model does not take into account these terms, then it has equations valid only up to firstorder, but not to second-order terms in e (or one has to assume that o t b ¼ Oðe 2 ÞÞ:
(ii) The eigenvalues of the Jacobian matrix are only cos hðu AE cos h ffiffiffiffiffiffi ffi gH p Þ; and do not depend on the exchange velocity between the moving and the static layers q t b.
Concerning the value of d, in [9] , Gray deduces a model which corresponds to d = 1, as in our model. However, in most other papers related to erosion in avalanches, the authors neglect the term in 
Models with small velocity and equation for b
In this section we show how it is possible to relate our model to previously proposed systems that are closed with an equation for b. These models assume a small velocity.
Linear velocity profile
In [2] , [8] and [10] , the authors obtain an equation that describes the evolution of b in the case of a linear profile of the velocity, Uðt; x; ZÞ ¼ U 1 ðt; xÞZ þ Oðe 2 Þ: Since U 1 is assumed to be bounded, this implies that U ¼ OðeÞ: The linearity assumption is related to the assumption U(Z = 0) = 0, which seems reasonable when friction occurs at the interface (but not satisfactory according to K. Hutter). The model with friction, as described in Sect. 3.3, is considered here. The profile of U is introduced in Eq. (2.60) and the terms corresponding to different powers of Z are put together. To close the equation, a parametrization of the value of o Z ðP ZX = cos hÞ is needed. Let us consider a linear or parabolic profile for the shear stress
Then, substituting Eq. (4.1) into (2.60) and grouping together the terms that are constant and linear in Z, respectively, we deduce the following two equations: If we consider a linear profile of P ZX (i.e., B = 0), the boundary conditions (3.14) give 
We observe that the system (4.5)-(4.7) has the lake at rest solution
for arbitrary b(t, x) if q r = q m , or for q t b = 0 otherwise.
Khakhar's model
Khakhar et al. in [10] propose an equation for the change of b with time. In their model the effect of pressure gradient is neglected. Thus, in order to compare theirs with our model, we neglect first-order terms in Eq. (4.5). Keeping in mind that q x b = tan h and l = tan h s , we obtain from (4.5) 12) we also obtain Eq. (4.14).
The BCRE model
In [2] the Saint-Venant model is compared with the BCRE phenomenological model. The BCRE model reflects the exchange of mass and the advection of particles in the upper layer. As described in the introduction, the BCRE model reads with E the mass exchange between the flowing and static layer. In this section we consider h to be almost constant, and we assume that q m = q r . By V d we denote the velocity of grains in the upper layer (see [2] , [6] , [7] ). Owing to Eq. (1.4), the BCRE model can be written as
where V up ðh À h n Þ is the exchange term between the static and the mobile layers. By h n one denotes a neutral angle, which separates the erosion and deposition profile. The factor V up has the dimension of a velocity and is a parameter of the model. For more details see [2] , [6] , [7] . 
